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Molecular dynamics simulations are carried out for slabs of silica liquid with thicknesses between 1 and
3 nm. A local analysis of the Born contribution to the elastic modulus, CB, shows that the elasticity is not
uniform throughout the slabs—CB is identical to that of bulk silica in the slab interior, but CB is larger at the
slab edges. The larger CB at the slab edges is due to a distinct atomic level structure characterized by larger
density, larger concentration of more highly coordinated ions, and smaller silica rings.
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I. INTRODUCTION

Recent experiments on nanoporous amorphous silica sug-
gest that nanostructuring may provide a way to create porous
materials with more favorable mechanical properties. These
nanoporous silica materials, produced from surfactant-
templated self-assembly, have pores of 2 to 3 nm diameter
that extend through an amorphous silica framework with
walls of 1 to 2 nm thickness �1,2�. Nanoporous silica de-
forms more reversibly �3,4� and requires higher strains for
failure �5� than bulk silica, and has elastic moduli that are
less sensitive to porosity than natural porous solids �6�.

To elucidate this unusual mechanical behavior, we exam-
ine how nanostructuring affects the local elasticity in liquid
silica. Nanoscale structure is known to induce changes in the
atomic-level structure of liquid silica, such that the structure
near the surface differs from the bulk structure �7–9�. Since
elasticity is determined by the atomic level structure, the
local elasticity may be similarly heterogeneous.

Silica liquid, rather than silica glass, is studied here for
two reasons: First, the properties of a liquid are well-defined
because the liquid is in equilibrium, while the properties of a
glass depend on its history �e.g., cooling rate�. Second, it is
much easier to obtain well-averaged results for the position
dependence of local properties for a liquid than for a glass.
The results for silica liquid will give insight into the behavior
of silica glass because the structure of a glass is closely re-
lated to that of a liquid: As a liquid is cooled, the system
dynamics slows and the atomic structure changes, and at the
glass transition temperature the system becomes effectively
trapped in the structure of the liquid at that point �10�.

II. COMPUTATIONAL METHODS

Molecular dynamics simulations are carried out to obtain
equilibrated liquid systems. The simulations are carried out
at constant volume, with orthogonal simulation cells and pe-
riodic boundary conditions in all three dimensions. All simu-
lations include 720 silicon atoms and 1440 oxygen atoms.
The temperature is controlled with a Nose-Hoover thermo-
stat, and the equations of motion are integrated by the fourth-
order Runge-Kutta method with a time step of 2 fs. The
simulations are carried out for durations of 1 ns.

The simulations are run at conditions corresponding to
zero pressure. For the bulk system, a preliminary constant

pressure simulation is run to determine the zero-pressure vol-
ume; a constant volume simulation is then carried out at this
volume. Slabs of finite thickness in one dimension are simu-
lated by setting one dimension of the simulation cell to be
very large �50 Å�, and the equilibrium slab thickness is var-
ied by adjusting the other two dimensions of the simulation
cell �with the number of atoms fixed�; due to the vacuum that
borders the slab, these simulation conditions correspond to
zero pressure.

The atomic interactions are based on the van Beest-
Kramer-van Santen �BKS� potential for silica �11�. The origi-
nal BKS potential is modified in two ways. First, a steep
repulsive wall that is significant only at very short inter-
atomic distances is added �12�, which is necessary because
the short range repulsion in the BKS potential has a finite
height that can be overcome in simulations at high tempera-
tures. Second, the non-Coulombic potential is truncated at
5.5 Å and shifted in energy such that the energy is continu-
ous at this cutoff distance �13�, which leads to densities in
better agreement with experiment. The Coulombic interac-
tions are summed by the Ewald method.

The mechanical behavior is characterized here by the
Born contribution to the elasticity, CB, which is the second
derivative of the potential energy with respect to uniform
�affine� atomic displacements. While the total elastic modu-
lus is the sum of the Born contribution, a stress fluctuation
contribution, and a kinetic energy contribution, we do not
address the stress fluctuation contribution because it is very
slow to converge �especially for a local modulus�, and we
address the kinetic energy contribution only briefly because
its effects are not as interesting. The value of CB overesti-
mates the true elastic modulus because the uniform atomic
displacements are not the lowest energy atomic displace-
ments; the stress fluctuation contribution accounts for devia-
tions from uniform displacement �and thus is negative�. The
diagonal components of the Born contribution to the elastic
modulus, Ciiii

B , are obtained from the simulations as

Ciiii
B =

1
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�=1

N

�
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where x�,i is the coordinate of atom � along the i axis, r�� is
the distance between atoms � and �, U is the potential en-
ergy, V is the volume, and N is the number of atoms. The
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procedure of de Pablo and co-workers is used to estimate
how the Born contribution varies locally throughout the sys-
tem �14,15�. In this case, the local Born contribution at po-
sition r� is evaluated as

Ciiii
B �r�� =

1

VLoc
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where VLoc is the volume of the volume element at position r�,
and q���r�� /r�� is the fraction of the vector between atoms �
and � that lies within the volume element at r� �q�� /r��=0 if
the interatomic vector does not pass through the volume
element�. The contribution from the reciprocal space Ewald
sum cannot be divided as in Eq. �2�, and so it is split equally
among all volume elements �note that the contribution from
the reciprocal space Ewald sum to CB is very small�. In
this study, the volume elements are slices of the simulation
cell that are 1 Å thick. For simulations of the bulk, CB is
obtained as the average of C1111

B , C2222
B , and C3333

B ; for the
slab
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FIG. 1. �Color online� Results
for properties as a function of po-
sition within the slab, for the slab
with thickness of 
29 Å. Dashed
lines represent results for bulk
silica. Results at 3500 K are
shown in the left panels, and re-
sults at 4500 K are shown in the
right panels. �a� Born contribution
to elastic modulus; �b� density; �c�
number density of ions with nor-
mal coordination: Si with fourfold
coordination �lower, brown curve�
and O with twofold coordination
�upper, blue curve�; �d� number
density of ions with higher coordi-
nation: Si with fivefold coordina-
tion �lower, brown curve� and O
with threefold coordination �up-
per, blue curve�; �e� number
density of ions with lower coordi-
nation: Si with threefold coordina-
tion �lower, brown curve� and O
with onefold coordination �upper,
blue curve�; and �f� number den-
sity of Si atoms that are part of a
small ring �a two-, three- or four-
membered ring�.
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simulations CB is obtained as the average of C1111
B and C2222

B

�the directions perpendicular to the slab surface�.

III. RESULTS

For bulk silica, the results for the density at zero pressure
are �=2.25 g /cm3 at T=3500 K and �=2.30 g /cm3 at T

=4500 K, which agree with previous results obtained with
the same potential �13�. Note that in this temperature range
the silica liquid contracts upon heating. The results for the
Born contribution to the elasticity of bulk silica are CB

=320 GPa at T=3500 K and CB=311 GPa at T=4500 K.
The local � and CB profiles for the silica slabs are shown

in Figs. 1–3 �parts �a� and �b�� and compared with the cor-
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FIG. 2. �Color online� Results
for properties as a function of po-
sition within the slab, for the slab
with thickness of 
17 Å. See Fig.
1 caption for details.
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responding bulk properties. For all three slabs, the values of
� and CB in the interior of the slab are equal to those of the
bulk. However, both � and CB are greater at the edges of the
slabs; this effect is much more pronounced at T=3500 K
than at T=4500 K.

The � and CB profiles in Figs. 1–3 appear similar, sug-
gesting that these two properties are correlated. As shown in
Fig. 4, the local values of � and CB are indeed correlated.
Furthermore, the local values of � and CB for bulk silica
follow the same correlation. �The variations in the local val-
ues of � and CB for the bulk system are due to the sluggish-

ness of the dynamics and the time scale of the simulation; the
values would become equal at all locations for long simula-
tion times. Since the dynamics are less sluggish at higher
temperature, the variation in the local properties of the bulk
system are much smaller at T=4500 K than at T=3500 K�.

The kinetic energy contribution to the elastic modulus,
CK, is proportional to the number of atoms in the reference
volume �15�. Therefore the profiles of CK in the slabs will
closely mirror the density profiles in Figs. 1–3 �the CK pro-
files will differ slightly because CK is proportional to number
density, not mass density�, i.e., as with CB, the values of CK
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FIG. 3. �Color online� Results
for properties as a function of po-
sition within the slab, for the slab
with thickness of 
13 Å. See Fig.
1 caption for details.

DANIEL J. LACKS AND MICHAEL-PAUL ROBINSON PHYSICAL REVIEW E 77, 041504 �2008�

041504-4



are greater at the slab edges than in the slab interior. How-
ever, the magnitude of CK is relatively small �for bulk silica
at T=3500 K, CK=13 GPa while CB=320 GPa�.

The values of � and CB are determined by the atomic level
structure, which can be characterized in part by the ion co-
ordination and the ring size distribution. The ion coordina-
tion, which characterizes the short-range structure, is domi-
nated by fourfold coordinated Si and twofold coordinated O;
in bulk silica, 
98% and 
90% of the ions have this coor-
dination at T=3500 and 4500 K, respectively. The ring size
distribution characterizes the intermediate range structure; a
ring is defined as the shortest closed loop of Si-O units that
leaves a Si ion via one Si-O unit and returns to the same Si
ion via a different Si-O unit, and the size of the ring is the
number of Si-O units in the ring. For bulk silica, the average
ring size is 
6.

The results for the average ion coordination as a function
of position in the slabs are shown in Figs. 1–3 �parts �c�–�e��.
In particular, parts �c�–�e� show the number densities of nor-
mally coordinated ions �fourfold coordinated Si and twofold
coordinated O�, highly coordinated ions �fivefold coordi-
nated Si and threefold coordinated O�, and less coordinated
ions �threefold coordinated Si and onefold coordinated O�,
respectively. In the slab interior, the ion coordination is very
similar to the bulk �but the thinner slabs have a greater con-
centration of highly coordinated ions even in the slab inte-
rior�. At the very edge of the slabs, there is a layer with a

greater concentration of lower coordinated ions �e.g., dan-
gling oxygen ions�. However, just inside this outermost
layer, there is a layer with a greater concentration of highly
coordinated ions; the position of this layer of highly coordi-
nated ions coincides with the region of increased � and CB

described above.
Figures 1–3 �parts �f�� show the number densities of Si

ions that are parts of small rings, where a small ring is de-
fined as a two-, three-, or four-membered ring. In the slab
interiors, the ring sizes are the same as those for bulk silica.
However, the concentration of small rings is higher at the
slab edges, which coincides with the region of increased �
and CB described above. The higher concentration of small
rings agrees with the results of Raman experiments on nano-
porous silicas �6� and fumed silica nanoparticles �16�, and
previous simulations of silica nanoparticles �7�.

IV. DISCUSSION AND CONCLUSIONS

The elasticity of liquid silica slabs is shown to be hetero-
geneous. In particular, the material is stiffer at the slab edges
than within the slab interior, due to a distinct atomic level
structure characterized by higher density, greater concentra-
tion of highly coordinated ions, and smaller silica rings. For
wide slabs, the increased stiffness only occurs at the slab
edges, and thus does not affect the whole material. However,
when the slab thickness approaches 1 nm, the regions of in-
creased stiffness extend throughout the slab.

The relevance of this result is in regard to nanoporous
silica materials �1,2�, for which the silica framework is only

1 to 2 nm thick. X-ray scattering experiments show that
the walls of the silica framework become thinner as the po-
rosity increases �17�. The present results suggest that as these
walls become thinner, zones of high stiffness extend through
increasingly large fractions of the silica framework, causing
the overall stiffness of the silica framework to increase. This
increase in framework stiffness may act to counteract the
usual reduction of the elastic modulus with increasing poros-
ity, and thus cause the elastic modulus of the nanoporous
material to be relatively insensitive to porosity, as found ex-
perimentally �6�.

Our previous simulations, using a different methodology,
led to a similar conclusion �6�. In the previous analysis, the
global �rather than local� elastic modulus was determined for
glassy slabs at zero temperature. While this method allowed
evaluation of the full elastic modulus �i.e., not just the Born
and kinetic energy contributions�, the slab volume must be
specified in the elastic modulus calculation. However, the
slab volume is not uniquely defined �because the determina-
tion of the positions of the slab edges are based on arbitrary
definitions�, which introduces a level of uncertainty to the
analysis. In this regard, the present methodology is superior
because the local moduli are not dependent on the slab vol-
ume.

While the results are obtained for equilibrated liquids at
T�3500 K, the relevance of the results is in regard to
glasses at room temperature �as discussed above�. As a liquid
is cooled, the system dynamics slows, and at the glass tran-
sition temperature the system becomes effectively trapped in
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FIG. 4. �Color online� Local Born contribution to the elasticity
as a function of local density. �a� T=3500 K. �b� T=4500 K.
Circles: bulk silica; X: slab thickness 
29 Å; triangles: slab thick-
ness 
17 Å; and �: slab thickness 
13 Å.
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the structure of the liquid at that point. Since the magnitude
of the increased stiffness at slab edges increases with de-
creasing temperature �Fig. 1�, this effect is expected to be
even greater in room temperature glasses.

The structural change near the edge of the slab likely
occurs so that the atoms maintain nearly ideal coordination
�twofold for oxygen, fourfold for silicon� at the surface. Re-
sults for slabs of Lennard-Jones systems do not show a
greater density near the slab edges �18,19�, which indicates
that this type of structural change at the surface is not a
generic effect.

Previous work also found that the density is higher at the
surfaces of silica clusters and slabs; that this effect has been

found with two different force fields �7,9� as well as with ab
initio molecular dynamics simulations �20� supports its va-
lidity. It was also shown that the magnitude of this increased
density is greater at lower temperatures �9�, as we find here.
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